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Abstract

This thesis studies routing in a general single o-d network and information structure
induced by any two heterogeneous information systems. To model the asymmetric
information environment, we formulate a Bayesian congestion game, where travelers
subscribing to one information system is seen as one population. We study properties
of Bayesian Wardrop Equilibrium, where each population assigns their demand to
routes with the lowest expected cost based on their belief. We show that if population
beliefs about the state and the signal received by the other population are based on
a common prior, as the population sizes change, qualitative properties of equilibrium
strategies change, resulting in three distinct regimes. In the intermediate regime,
the equilibrium edge load does not vary with the relative population size, and both
populations face identical cost in equilibrium. In the other two regimes, the “minor”
population has lower cost in equilibrium. We also introduce a metric to evaluate the
impact of information. The relative population size effects the equilibrium outcome
(edge load, costs) if and only if the impact of information on either population is
tightly bounded by its size. Finally, we compute the bounds on the equilibrium
social cost, and provide a sufficient condition for the bounds to be tight. Although
we consider a more general information environment, the worst case inefficiency of
equilibrium is the same as that in complete information games.

Thesis Supervisor: Saurabh Amin
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Chapter 1

Introduction

1.1 Overview of the Problem

The recent advancements in information systems such as Google Maps/ Waze, Apple
Maps, etc. allow travelers to be better informed about traffic conditions. Information
systems send signals about traffic conditions to their subscribed travelers based on
historical and current measurements of the network. However, signals may not be
accurate about the network state due to reasons such as difficulties in data collec-
tion, noisy data source, and limitations of estimation methods. Different information
systems provide signals with different accuracy, which leads to an inherently hetero-
geneous information structure among the travelers. Therefore, in analyzing travelers’
route choice decisions, it is important to consider their private information and be-
liefs. This thesis addresses the following question: How do the relative sizes of traveler
populations effect the equilibrium structure and costs (both individual and social)?
We model traffic routing under information heterogeneity as a Bayesian conges-
tion game. Our model considers a network with single origin-destination pair. The
random state of network is drawn from a set of states by a commonly known prior
probability distribution. Costs on each edge are state-dependent increasing functions
of the traffic load on that edge. The network faces non-atomic travelers with inelastic
total traffic demand. There are two heterogeneous information systems, each sending

a noisy signal of the state to its subscribed travelers. Travelers subscribed to one infor-
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mation system receive the same signal, and are modeled as one population. The joint
distribution of the state and signals received by two populations is the common prior,
which is known by both populations. Each population updates their beliefs about the
state and the signal received by the other population from the common prior using
Bayes rule. We study properties of Bayesian Wardrop Equilibrium (BWE), where
populations assign demand on routes with the smallest expected cost based on their

private beliefs.

1.2 Related Work

We first discuss some related work that considers informational aspects in modeling
route choices. The article by Liu et al. (2016) studies the effect of information het-
erogeneity for a two-route traffic network when a fraction of population has complete
information about the traffic accidents, and the rest has no information. The paper
focuses on studying a “subjective” belief structure, where travelers are only aware of
the accuracy of the information system they subscribe to, but assume the other trav-
elers are not informed. Our set up is more general as we consider any network with
single o-d pair, and any two information systems with arbitrary accuracies. In our
game, accuracies of both information systems are common knowledge, and the pri-
vate beliefs are derived from a common prior. Notably, the recent work by Acemoglu
et al. (2016) studies the effect of information heterogeneity in the case when travelers
have non-identical information sets about the available edges. The authors define
Informational Braess Paradox (IPB) as a phenomenon where travelers who receive
information about additional routes may be worse off than those who do not. They
find an intuitive suffcient and necessary condition on network topology to ensure that
the IBP does not occur. Our work is complementary to Acemoglu et al. (2016) in
that we adopt Bayesian framework to study the effects of noisy signals about the
network state when the two different information systems introduce an asymmetric
information structure in travelers’ route choice. We also discover similgr phenomena,

where travelers with more accurate information have higher cost. Additionally, a
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more general set up of congestion games, where cost functions are player-specific, is
studied in Milchtaich (1996). The player-specific cost functions can be a result from
private beliefs or player specific preferences. Milchtaich (1996) proves the existence
of pure Nash equilibrium when atomic players have the same demand. Best-response
improvement path can be cyclic, which implies that there may not exist a potential
function. We consider non-atomic players, thus pure equilibrium always exists. In our
model, the difference in the expected costs among populations with different signals
(types) is due to their private beliefs, although the preferences (or valuation of travel
times) are homogeneous cross the traveler populations. A weighted potential function

exists in our game since type-specific cost functions are related via the common prior.

We next review the literature on the congestion games. The well-known results
include the existence of a potential function in every congestion game Rosenthal
(1973), and the isomorphism between congestion and potential games Monderer and
Shapley (1996). Population games with non-atomic players are shown to be the
limiting case of finite player games in Sandholm (2001), and convergence results of
evolutionary dynamics are provided. The paper Sorin and Wan (2015) compares the
equilibria, potential functions and evolutionary dynamics of the congestion games
with non-atomic players, atomic splitable players and atomic non-splittable players.
Our model reduces to the classical congestion game with non-atomic players when
one population takes all the traffic demand which results in homogeneous information

structure.

We note that our setting is different from the literature on Bayesian congestion
games with finite players. For example, the paper Gairing et al. (2005) studies a finite
player Bayesian routing game with linear cost functions and type-dependent weights.
The authors show that under their modeling assumptions, every weighted Bayesian
congestion game has a pure Nash Equilibrium. Mixed equilibrium, social cost and
computational complexity are also studied. However, their paper does not focus on
effect of information structure. In more related work, the article van Heumen et al.
(1996) studies an extended Bayesian potential game with finite players, in which a

subset of players have access to private information. The authors show that a pure
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Nash Equilibrium exists when the game has a common prior. In a follow up work
Facchini et al. (1997), the authors impose additional conditions on players’ utility
functions to show that their game is a weighted potential game if and only if the
utility function can be written as a coordination function plus a “dummy function”.
They also provide an example to show that pure Nash Equilibrium may not exist
when there is no common prior. Our model contributes to the existing literature
by incorporating the information heterogeneity to congestion games with non-atomic
players, and studying the effect of the relative population size. The equilibrium
characterization and the analysis of value of information in our paper cannot be
obtained by straightforward application of the known results due to the key difficulty

arised by the interaction of two populations with asymmetric information.

1.3 Main Contributions

Our main results are as follows: We show that the Bayesian congestion game has
a weighted potential function, and any Bayesian Wardrop equilibrium is a feasi-
ble strategy profile that minimizes the potential function. As the population sizes
change, qualitative properties of equilibrium strategies change, resulting in three dis-
tinct regimes. Specifically, the demand assigned to each edge in equilibrium does not
depend on the population sizes in one regime, but changes as population sizes vary
in the other two regimes. The intuition is that the impacts of information on popula-
tions’ equilibrium strategies are fully achieved in one regime, but tightly constrained
by the demand of either population in the other two regimes. A crucial step in our
mathematical argument is constructing a convex optimization problem that can di-
rectly compute the aggregated demand assigned to each route by both populations
in equilibrium. The equilibrium regimes are derived from the tightness of constraints
in optimum, which reflect the impact of information on equilibrium strategy profiles.

We define the relative value of information as the difference in the average cost
of two populations in equilibrium. For any two heterogeneous information systems,

we study how relative value of information changes as the population sizes vary.
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We find the connection between the relative value of information and the first order
differentiation of the potential function in equilibrium with respect to the population
size. By applying results of perturbation analysis in Bonnans and Shapiro (2013),
Fiacco (1984), Rockafellar (1984) and Milgrom and Segal (2002), we show that the
expected costs of two populations are equal in one regime, while in the other two
regimes, the population with smaller demand has lower expected cost. Interestingly,
the regime with equal population costs is the same regime where the equilibrium
edge load does not change with the relative population size. This is because in
that regime, the expected costs on the set of routes used by both populations are
equal in equilibrium. However, in the other two regimes, some routes with high cost
are taken by the population with higher demand but not by the population with
smaller demand. Thus, the population with smaller demand has lower expected cost.
Furthermore, if one population is informed, and the other population is uninformed,
three regimes reduce to two, and the cost of the informed population is no higher
than that of the uninformed population. Notably, the relative value of information
decreases as the size of informed population gets larger. If both populations are
informed, the “better informed” population can have higher cost if its size is large

enough.

Finally, we study how equilibrium social cost changes as population sizes vary.
We demonstrate examples where equilibrium social cost can be non-convex and non-
differentiable in population sizes. We provide bounds on the equilibrium social cost,
and a sufficient condition, in which the bounds are tight. Additionally, when the
condition is satisfied, the equilibrium social cost attains a minimum for a continu-
ous range of relative population size. We also present analysis on the worst case
inefficiency of BWE, which is related to the well-known notion of “price of anarchy”
in previous work, e.g. Roughgarden (2003), Koutsoupias and Papadimitriou (1999),
Milchtaich (2004), Acemoglu and Ozdaglar (2007). Although our model considers a
heterogeneous information structure, the worst-case inefficiency is the same as the

complete information case in Roughgarden (2003).

The rest of the thesis is organized as follows: Chapter 2 analyzes a simple example,
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in which some travelers have complete information, while others are uninformed.
Chapter 3 introduces the model environment and formulates the game. Next, we
present equilibrium characterization in Chapter 4. F inally, the analysis of relative
value of information is in Chapter 5, and the equilibrium social cost and ineffiency is

studied in Chapter 6.
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Chapter 2

Motivating Example

In this chapter, we describe a simple two route example to illustrate the main ideas
in our paper. Then we analyze the equilibrium in this simple example. Finally, we

study the expected population costs and the social cost in equilibrium.

2.1 Two Route Model

Consider an origin-destination pair of nodes connected by two parallel routes, 7
and r,. Assume that the set of network states is S = {a,n}, where the state a
represents an incident on route 7, and the state n represents the nominal (i.e. no
incident) condition. The route r; faces an incident with probability p. Each route’s

cost function (travel time) is an affine function of the flow through it, i.e.

T

Om —(
a?fl-l_blv s§=a,
Cs(fl) =
' alfi+b, s=n. \_/
T2

c2(f2) = aafa + ba.

For simplicity, we will assume in this example that of < as < of and b; = bs = b.
The network is subject to a unit demand comprising of two traveler populations
T = {1,2}. The population demands are denoted by A\! = X and A* = 1 — A\,

Each population receives a noisy signal, t*, of the network state from its subscribed
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information system. The signal space of population iis 7% = {a,n}. We assume that
population 1 receives the correct state information with probability 1 (i.e. complete
information), and population 2 receives a or n with probability 0.5 independently of

the state (i.e. no information).

2.2 Equilibrium

Let us study how equilibrium strategies and route flows change with respect to .
Let ¢i(#') denote the demand assigned to route 7, by population ¢ when receiving
signal t'; the remaining demand \* — ¢i(t') is assigned to route r,. Since signal
#2 is independent with states, we have ¢2(a) = ¢?(n) 2 ¢2. Any feasible demand
assignment must satisfy the constraints: 0 < ¢l(t!) < Aand 0 < ¢2 < 1-— ). We
represent a feasible routing strategy profile as q; = (¢} (a), g1 (n), ¢?).

The expected costs on route 7 for population 1 receiving signal ¢!, denoted E{c,(q)|¢!],
can be written as follows:
Ele(@)|t!] = d(a@)+d), t=a

of (gi(m)+qi), t'=n

Ele2(9)t'] = co(1 = q1(t") — q7), V' €T,

For population 2, the expected route costs E[c.(q)[t?] can be expressed as:

Ela@t)=p- ¢ (@) +¢) + (1 -p) - (1) + i),

Ele2(9)lt?] = p- c2(1 — qi(a) — ¢}) + (1 — p) - c2(1 — gi(m) — g}).

This routing game with asymmetric information structure admits a Bayesian Wardrop
equilibrium; see Definition 1 in Sec. 3.2. Let ¢} = (gi'(a),¢'(n), ¢?) denote an
equilibrium. Each population with each signal can either assign all the demand on
one route, or split on both routes. There are in total 3 x 3 x 3 = 27 cases. We now
mention the case that hold in equilibrium (see Sec. 4 for general results on equilibrium

characterization).
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Thus, the expected costs on both routes are equal for each population in equilirbium.
Consequently, both populations split their demand on both routes. It is easy to check
that all equilibria induce an identical route flow in each state.

Notice that if X € [0, A], we have ¢{'(n) — ¢}*(a) = A, i.e. population 1 shift all its
demand from r; to r, on receiving incident information. However, if A € (), 1], we
have ¢f'(n) — ¢i!(a) = A < ), i.e. only part of demand is shifted to ry on receiving

incident information.

2.3 Equilibrium Costs

Let us calculate the expected cost of each population in equilibrium. If A € [0, ), the

expected equilibrium cost of population 1, denoted C*!()), can be written as follows:

C™'(\) = pElcz2(q)la] + (1 = p)E[ci(q)n] = b+ C + CIA,

where
o = (a1 —p?) +afp?)
a) + as ’
o1 _ P —p)af(af + ag) +p(1 — p)as(e] + o)

) + Qo

The expected costs of population 2 in equilibrium is as follows:
C?*(\) = E[c1()|t*] = Elea(@)[t*] = b+ C + C*(1 — N,

where

a2 — el —p)laf —of)
) + Qg

On can check that C*2()\) — C*}(\) = C?(1 — \) — C'\ > 0, thus the population 1
benefits from receiving information over population 2 which is uninformed. However,

if A € [, 1], the expected cost of both populations are identical in equilibrium, because
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First, there exsits a critical threshold fraction of population 1, denoted A, which
distinguishes the equilibrium behavior between the cases A € [0,)) and A € [), 1].

For this two-route example, let us define:

A:CQ n T Ta ’
at +az ol +a

On one hand, if A € [0, )), the routing game admits a unique equilibrium:

gi'(a) =0
g’ (n) = A
q1=2 — Qg (1 _ )\) _ }\(1 —p)al + A b

—_ — - M
01 + o ) + 0 + Qg

where a; = po? + (1 — p)o} is the average slope of route r;’s cost function. This

equilibrium is obtained by solving the following conditions:

Efci(g")la] > E[ca(¢7)lal,  Eler(q")In] < Elea(g”)m],  Elea(¢")]t%] = Elea(q)[£7].

Thus, population 1 faces unequal route costs in equilibrium. Consequently, in state
n, population 1 assigns all its demand on route r;, and in state a, it assigns all its

demand to route r,. Population 2 splits on both routes.

On the other hand, if A € [), 1], the game admits multiple equilibria. The set of

equilibrium strategy profiles can be described as follows:

gHa) = x,

g'(m) = A+x,

Q2

*2
q, = —X
! as + as ’

where max {0, A — —3?—} < x < min {—92— A — )\}. This set of equilibria is ob-

af+az aftag’ =

tained from the following condition:

Elei(¢*)la] = Elez(g)lal,  Eler(q™)[n] = Elea(q")In],  Eler(q)]t*] = Efea(g") 7).
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the expected costs for r; and rs equalize for each population:

cre?

*l)\ — *2 — ~ — =
CIN = C2(N) = b+ C + s,

and consequently, the population 1 does not get any benefit of being informed about
the incident on r;. We define the relative value of information V*(\) as the difference
of two population costs in equilibrium:
arasP (L= p)[ea(ef — of) — Mef + an)(af + a2)], VA €[0,2),

V*(/\) é C*2(>\) - C*l(/\) — &1+azp 7=
0, VA e A1

Note that for A € [0, \), V decreases linearly in .
Finally, the equilibrium social cost is simply the average expected cost in equilib-
rium:
(C'+C?) N2 202 A+ C+b+C%  YA€[0,N),

b+C+ &5, vAae A1),

C*(A) = AC*H(\) + (1 = N)C?(\) =

Note that the equilibrium social cost is a quadratic function of A if A € [0, \), but

does not change with A € [}, 1]. Furthermore, for A € [0,)), we can write:

8C*(\)
o\

=2(C'+C*H)r-2C* <0,

and check that 6(78_’;\()\2 = 0 when A = A. Thus, the social cost C*(\) monotonically
decreases with X in the range A € [0,)), and attains the minimum value in the range
[A,1]. That is, increasing the share of the informed population decreases the social
cost but only up to the threshold }; beyond this fraction, the social cost does not

change.

2.4 Numerical Experiment

We illustrate the abovementioned results using the network parameters in Table 2.1.
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The threshold ) for this example is 4/15. Fig. 2-1a shows the equilibrium strategy

Table 2.1: Parameter values for the 2 - route example.

Symbol | Value | Units
al 1 min/(veh - hr™1)
a3 3 min/(veh - hr~1)
Qs 2 min/(veh - hr=1)
b 20 min
D 1 103veh/hr

0.2

(g:}(a), ¢*(n), ¢;?). Fig. 2-1b shows the equilibrium flow on r; in each state.

Next, we plot the expected population costs and the social cost in equilibrium.

These costs are normalized by the socially optimum cost, denoted C*°, which is the

e A=1

e A = 0.7 € (A1)

« A=0.1€ [0, ; ;—fl_(n,t)
) =04 € (A1) 0140521 I ; —fi{a,t?)

g;'(a) 0 0.2 04 0.6 08

Q() A A

(a) (b)
Figure 2-1: Equilibrium strategy and route flow.

minimum average social cost achievable by a fully informed social planner.
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Figure 2-2: Equilibrium population costs and equilibrium social cost

From this simple example, we analytically characterized the effect of the relative
population sizes A on the equilibrium structure, population cost and social cost. In
this article, we generalize these results to the environment in which two populations
with asymmetric information about the network state but identical prefernces route

their flows on a network.
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Chapter 3

Model

Our modeling comprises of a network with an unknown state and state-dependent
edge cost functions. Two information systems measure the network state with dif-
ferent levels of accuracy and induce information heterogeneity among populations of

travelers with identical preferences.

3.1 Environment

We model the transportation network as a directed graph G = (V, £) with a single
origin-destination pair. Let V denote the set of vertices, and £ the set of edges. Let R
denote the set of routes connecting the origin and the destination. The network is in
an environment with a random state s, which is drawn by a fictitious player “Nature”
from a finite set S according to a prior distribution § € A(S). The cost function of
any edge e € £ in state s, denoted c:(-), is a positive, increasing’, and differentiable
function of the demand assigned to the edge e. Let C denote the set of cost functions
of all edges in all states.

We introduce a set of two information systems, denoted Z = {1,2}. Each traveler
is exclusively subscribed to one information system. Travelers are modeled as a

continuous player set with a fixed total demand D. We call the set of travelers

1Results in this article can be extended to the case with non-decreasing cost functions. For
simplicity of our discussion, we focus on the case with increasing cost functions.
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subscribed to the information system 1 (resp. information system 2) as population 1
(resp. population 2). Let us denote A as the population size parameter, and denote
the fraction of population i’s demand as X, where \! = X\, A2 = 1 — X. Thus, the

demands of populations 1 and 2 are AD and (1 — A)D, respectively.

Each information system ¢ € Z sends a noisy signal ¢ of the state s to population
i. The finite signal space of information system 7 is denoted as 7°. Note that |77/,
|72| and |S| need not be equal. The joint distribution of the state s and the signals
t!,t? is denoted 7 € A(S x T* x T2), which satisfies the constraint that the marginal
probability distribution on the state is equal to the prior distribution on state, i.e.

for any s € S,

>3 (st t2) =6(s). (3.1)
tleT1t2eT?
The probability that population 1 and 2 receiving signals t* and #? conditional on the
state s € S, denoted p(t!,¢?|s), can be expressed as:
(st )

p(t', t3[s) = RO VseS, V(tht)eT. (3.2)

3.2 Bayesian Congestion Game

In the framework of Bayesian games (see Harsanyi (1967)), the notion of type captures
the private information received by each population. In our model, the private infor-
mation of population 5 is the signal !. The type space of population i is 7°. Based
on t', population i generates a belief about the state s and the other population’s
type t7¢, denoted pi(s,t7t") € A(S x T79).

Each population routes its demand through the network based on its belief p*(s, t~*|t!).
Population #’s strategy is a map from the type (or signal) space 7" to a | R|-dimensional
vector, denoted ¢*(t') = (¢:(t")),cr, Where ¢:(t') is the demand assigned by popula-
tion 4 to route r when its type is . We say that a strategy profile ¢ 2 (q', %) is
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feasible if it satisfies the following constraints:

Y ¢(t)=XD, VEeT, Viel, (3.3a)

reR

gG-(t) >0, VYreR, V£ eT:, Viel (3.3b)

The constraint (3.3a) ensures that the demand of each population is routed, and the
constraint (3.3b) imposes that demand assigned on each route is nonnegative. Let
Q'()) denote the set of all feasible strategies of population ¢ when the population size
parameter is A. From (3.3a)-(3.3b), we note that the set of feasible strategy profiles,
defined as Q(\) £ Q!(\) x Q%()), is a convex polytope.

We are now ready to define the Bayesian congestion game I'. Formally,
r2(1,8,T,90\),Cu),
where:
Z: Set of populations, Z = {1, 2}
S: Finite set of states with prior distribution 6 € A(S)
T = (T%)ier: Set of population type profiles (¢!,t?).

Q(N\) = (Q%A))iez: Set of feasible strategy profiles when the population size param-
eter is A, with ¢ = (¢*, ¢?) € Q(})

C ={c2 () }ecte ses: Set of state-dependent edge cost functions

p = (i*);ez: K* is population 7’s belief about the state s and the other population’s
type t~*

Importantly, our model assumes that the joint distribution 7 is common knowl-
edge. In addition to 7, the set of network states S, the type sets |7}| and |7?2|, the
network graph (V, £), the total demand D, the population parameter ), and the set of
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ez ante interim er Eost
Natpre'dra,ws' s Populations: -know their types ~ Realize costs
Population 7 receives ¢ -obtain beliefs p*(s,t7*|t*)
-play strategies

Figure 3-1: Timing of the game.

cost functions C are also common knowledge. The signal ¢* is the private information

of population 1.

The game is played as shown in Fig 3-1. In the ez ante stage, Nature draws a
realization of the network state s € S according to the prior distribution 6(s). Signals
(types) t! and t? are realized according to the conditional probability distribution
p(t',t?|s) in (3.2). In the interim stage, each population forms belief u?(s, t~%|¢), and

both populations choose their strategies ¢* simultaneously.

For any ¢ € 7 and t* € T*, beliefs are obtained by Bayesian update on the common

prior: o
(s, t*,t7?)
Pr(tt)

where Pr(t') = Y .o D jmicr—i m(s, t',t7%).

For a given strategy profile ¢ = (¢*,¢°) € Q()\), the induced route flow is

pi(s, t7Ht) = VseS, vtieT (3.4)

f 2 ( fr(tl7t2))reR,(t1,t2)€T7 where f.(t',t%) is the aggregated demand assigned by
populations with type profile (¢!,¢?) on route r:

() =gt + @Y, vreR, VL)) eT. (3.5)

Note that the dependence of f on ¢ is implicit and is dropped for notational conve-

nience.

The induced edge load is w 2 (we(t', %)) e (1 2)e7> Where we(t!,#%) is the load

on edge e assigned by populations with type profile (¢!,t?):

we(t,82) = Y (gh(tY) + () ¥ STHELR), Veel, V(L) eT, (36)

T3e re

The corresponding cost of edge e € £ in state s € S is ¢ (w.(t)). The cost of route
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r € R, denoted c:(q(t)) is

2q1) =) ci(we(t), VreR, VseS, VteT. (3.7)

ecsr

The expected cost of route r based on the interim belief y'(s,t%|t!) is given by:

D=3 Y S st )eslwn 79

SES t—igT i e€r

_Z Z Z UL Swe(t',t™), VreR, Vtet, Viel,

SES t—igT i e€T PI‘ tl
(3.8)

where w,(#',t7%) is given by (3.6).

We now define the equilibrium concept of the game I":

Definition 1. Bayesian Wardrop Equilibrium (BWE)
A strategy profile ¢* : T — Q(X) is a Bayesian Wardop Equilibrium (BWE) if for
anyi €Z, and any t' € T*:

VreR, ¢'t)>0 = Ele(¢")|t'] <Eleo(¢)|t], ¥r €R. (3.9)

Equivalently, in a BWE, each population i with type t¢ assigns its demand only on
the routes that have the smallest expected cost based on the interim belief ' (s, ¢t 7*|t*).

We can define interim game? IG(T) = (f, o), 6), where:
T4 UiezT*: population set. Each type can be viewed as a population.

QM) = (@i(’\)%ej—f strategy set. Each type # € T has strategy set O ()\)
Qi(\).

11

(1l

ca {Eﬁ} __: cost function set. The cost of type ¢! taking route r is ¢ (q)
ttel,reR
Ele-(9)[t']-

2Since the game has common prior, the ez ante game exists and is equivalent to the interim
game.
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IG(T) is a congestion game with type-specific cost function E[c,(g)[t*]. It is shown
in Milchtaich (1996) that generally there may not exist a potential function in a
congestion game with player-specific cost functions. In our model, the type-specific
cost function E[c,(q)|t'] is based on t’s belief, which is obtained from the common
prior 7 in (3.2). We show in Sec. 4.1 that due to the existence of common prior
, the type-specific cost functions E[c,(g)[t'] are related so that a weighted potential
function exists in /G(T).

IG(T) is a complete information population game. A strategy profile §* € Q(A) is
a Wardrop equilibrium of IG(T'), if for any r € R and any t* € Z, g7 (t') > 0 implies
that & (g*) is the smallest among all Toutes, i.e. g* satisfies (3.9). Therefore, g* is
BWE in I if and only if §* = ((¢"'(t"))pcr , (@*%(t2)) 2 72) is a Wardrop equilibrium
in /G(T"). In rest of the article, we will refer to the Bayesian congestion game I" and
the interim game /G(T") interchangeably. We consider each type t* as a population.
Consequently, a strategy of t* can be viewed as a |R|-dimensional vector ¢*(#!) =
(¢i(t")), e, and a strategy profile can be viewed as a |R| x (|T}| + |72|) dimensional

vector.

32



Chapter 4

Equilibrium Characterization

In this chapter, we study the equilibrium structure of the game I'. In Sec. 4.1, we
show that I" is a weighted potential game, and that any equilibrium strategy profile is
an optimum of a convex optimization problem. In Sec. 4.2, we study the qualitative

properties of BWE when the population size parameter A varies from 0 to 1.

4.1 Weighted Potential Game

We adopt the definition of a weighted potential game with continuous player set from

Sandholm (2001):

Definition 2. Game I' is a weighted potential game if there ezxists a continuously
differentiable function ®(q) : Q(\) — R and a set of positive, type-specific weights

{v(t)}iieT se Such that:

0% (q(t))

— 2 = ~(t)E[e (g)|tY], VreR, VEeT', Viel.
g () Y(t)Ele () It']

Lemma 1. Game I is a weighted potential game with the weighted potential function

®(q) as follows:

) /Zrae g (t4)+42(t?)

® (q) -A—ZZ Z Z m (s, t, ¢

SES e€f tleT! t2¢72

ci(z)dz, (4.1)
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and the positive type-specific weight v(t') = Pr(t') for any t' € T*,i € T.

Proof. To show that ®(gq) is a weighted potential function of I', we write the first
order derivative of ®(g) with respect to g:(t'):

0%(q) _ =
8q:"(ti)—z Z (s, t',t )Zce(we(t,t )

seS t—igT ¢ e€r

YP(EG@I], YreR, WeT, Viel (42

We immediately obtain that ®(q) satisfies Definition 2 with y(t!) = Pr(t}), Vt' €
Ti Vi€ T. O

Note that ®(qg) is a continuous and differentiable function of ¢. Following (3.5)
and (3.6), ® can be equivalently expressed as a function of the induced route flow f

or the induced edge load w:

~ Lrse fr(t)
o(f) 2 ZZZF(S,t)/ ci(z)dz. (4.3)
$E€S ecE teT 0
we (t)
o) 2333 n(s.0) / ¢i(2)d. (4.4)
s€S €€ teT 0

For any feasible strategy profile ¢ € Q(\), we note that ®(q) = @( f) = ®(w), where
f and w are the route flows and edge loads induced by g.

We will need the following lemma subsequently:

Lemma 2. ®(w) defined in (4.4) is continuously differentiable and strictly convez in

w.

Proof. Since each cf(we(t)) is differentiable in w,(t), we conclude from (4.4) that ®(w)
is twice differentiable with respect to w. The first order partial derivative of ®(w)
with respect to w.(t) can be written as:

0% (w)
Owe (t)

= m(s,t)cs (we (t)), Ve€&, VteT,

SES
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and the second order derivative of ®(w) can be written as follows:

92®(w) Saesm(s,t) Lle@) e — ¢ and t =1t

- N = dwe(t) v ’ . t' .
Ow,(t)Ow, (t') 0, e,e €&, Vi, t €T

otherwise.
Since forany e € £, s € S, ¢ is an increasing function of we, s 7 (5, 1) d—cjf—;“—eé)i)l > 0.
Thus, the Hessian matrix of ®(w) is a matrix with positive elements on the diagonal

and O for all other entities, i.e. it is positive definite. Therefore, ®(w) is strictly

convex in w. O

Theorem 1. A strategy profile ¢ = (¢, ¢*) is @ BWE if and only if it is an optimal

solution of the following convex optimization problem:

min  ®(q)
st. g€ Q(N),

(OPT-Q)

where Q(N) is the set of feasible strategy profiles satisfying the constraints in (3.3).

We can write the Lagrangian of (OPT-Q) as follows:

Ligmv)=2(q)+Y_ > u (A’D P ) =3 TG, (45)

1€L tieTH reR T€R €L ticT?

where i = (U )sieti ez and v = (VE),er sieTi ez are Lagrange multipliers associated

with the constraints (3.3a) and (3.3b), respectively.

Proof. We first show that a minimum of (OPT-Q) is a BWE. For any optimal solution
q, there must exist p and v such that (g, p, v) satisfies the following KKT conditions:
KKT

oL 9 o,

= —— "~ =0, VreR, VeT:, Viel, 4.6
P ~ oa) " (48
VEgi () = 0, VreR, WeT, VieZ, (4.7
vt >0, VreR, VEeT, VieZ  (4.8)

35



Using (4.2) and (4.6), we obtain that:

g;g?) = Pr(t)Ele,(¢)[t]] = 4 +1F, VreR, VeeT, Viel.

T

From (4.7), we see that for any r € R, any t' € T%, and any i € Z, if ¢'(t!) > 0,
the corresponding Lagrange multiplier v¥' = 0, and Pr(t))E[c.(q)|t!] = p*'. However,
if ¢i(t") = 0, Pr(t)E[c,(@)[t]] = ut + vf > pt'. Thus, if ¢:(t') > 0forar € R, t' €

T*,i € Z, then:

Pr(t)Elc ()[t'] = p* < pt' + v = Pr(t)Elc, (9)|t], ¥ € R,

which implies that Ec,(q)[t!] < E[c(¢)|t!] for any ' € R. Recalling Definition 1, we
conclude that ¢ is a BWE if it is an optimal solution of (OPT-Q).

Next, we show that any BWE ¢* is an optimal solution of (OPT-Q). We define
a pair of Lagrange multipliers (i, 7), where @' = min,cx Pr(t)E[c.(¢*)|t)], and ¥ =
Pr(t)E[c,(¢*)|t]] — A*. We can easily check that (4.6) and (4.8) are satisfied by
such (¢*, i, 7). Since ¢* is a BWE, from Definition 1, if ¢(t') > 0, E[c.(¢")|t!] =
min,er E[e,(¢*)[t!]. Thus:

7y = Pr(t)Ele,(¢")t] - 2 = Pr(t") (E[cr(q*)lt"] — min E[cr(q*)w]) o,

Consequently, (4.7) is also satisfied by (¢*, i, 7). Recall ®(q) = ®(w), since w is an
affine function of ¢ (see (3.6)) and ®(w) is strictly convex in w (Lemma 2), ®(q) is a
convex function of g. Additionally, Q()) is a convex polytope, (OPT-Q) is a convex
problem. Thus, KKT conditions are sufficient for optimality, and ¢* is an optimal

solution of (OPT-Q). O

The existence of BWE follows directly from Theorem 1. We denote the set of
equilibrium strategy profiles as Q*(\). For any BWE ¢* € Q*()\), we define sets
M(¢*) and N(g*) as the set of u* and v* such that (¢*,u*, v*) satisfies the KKT

conditions.
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Next, we show that the equilibrium edge load w* induced by any ¢* € Q*(\) is

identical.
Corollary 1. The BWE edge load w* is unique.

Proof. For any ¢* € Q*()), ®(¢*) = &(w*) is identical. Since ®(w) is strictly convex

in w (Lemma 2), we conclude that w* is unique. O

Proposition 1. For any ¢* € Q*()\), M(q*) and N(¢*) are singleton sets with ele-

ments of u*, v*:

pt' = min Pr(t)E[c,(¢)}t], V& eT', Viel. (4.9)
U = Pr(t)E[e (¢*) |t — 1™, VreR, Vtet, Viel. (4.10)

Furthermore, both u* and v* are identical for any ¢* € O*(A).

Proof. First, we argure by contradiction that Linear Independence Constraint Qual-
ifications (LICQ) defined in definition 3 in Appendix A is satisfied in (OPT-Q). We
denote the set of constraints that are tight at optimum in (3.3b) as B 2 {qr ()
lg¥(t) = 0,Vr € R,Vtt € T%,Vi € T}. Assume that LICQ does not hold, the set of
equality constraints (3.3a) and the elements in the set B are linearly dependent.
Since the equality constraints (3.3a) and the inequality constraints (3.3b) are each
comprised of linearly independent affine functions, there must exist a type # such
that the left hand side of the equality constraint ), ¢;*(¢") is linearly dependent
with the elements in the set B, which implies that ¢*(f') € B for all r € R, i.e.
¢*() = 0,Vr € R. However, this violates the equality constraint >~ . ¢;*() = I'D
in (3.3a); hence we arrive at a contradiction.

We know from Proposition 10 in Appendix A that if LICQ holds, for any ¢* € 9,
M(q*) and N(g*) are singleton. From the proof of Theorem 1, we know that for any
q* € Q*(\), (g%, u*,v*) satisfies the KKT condition, where u*, v* are defined in (4.9)
and (4.10). Furthermore, the equilibrium edge load induced by any ¢* € Q*(}) is
identical (Corollary 1). From (3.8), u* and v* are identical for any ¢* € Q*(\). O
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Proposition 1 connects the smallest expected route cost for each type t¢ at equi-
librium with the unique Lagrange multiplier z2/"*. This result will be used again when

we discuss the relative value of information in Chapter. 5.

Theorem 1 shows that the equilibrium strategy profile can be solved as the solution
of a convex optimization problem (OPT-Q). However, characterizing g* as A varies
directly from (OPT-Q) is difficult. On one hand, feasible set (and hence the optimal
set) of (OPT-Q) changes with ); see (3.3a)-(3.3b). On the other hand, we observe
from two route example in Chapter 2 that the induced route flow may be identical for
a certain range of \. We approach the question of characterizing Q*(\) by studying
how the set of equilibrium route flows change with A\. We proceed in two steps: First,
we represent the set of feasible route flows as a polytope. For any feasible route flow,
we characterize the set of feasible strategy profiles that can induce it in Proposition
2. Next, we study how the equilibrium route flows change with )\ via an auxiliary

optimization problem (Proposition 3)

We define F(\){f € RI®I*ITI|f satisfies (4.11) }, where:

@82 + £ 8D = £ 8D + £, Vre RV, e T and Vi, 22 € T2,

(4.11a)
S LA t)=D, V(') eT, (4.11b)
reR
L) >0, vreR, V(& t)eT, (4.11c)
D— Ztrlréi%ll f-(t1,t%) < AD, V2 e T?, (4.11d)
TER
D— in f.(t',t*) < (1 — , vtte Tt 4.11
;tgég}zf( )< (1-MND eT (4.11e)

Proposition 2. The set of feasible route flows is F()\) defined in (4.11). F(X) is a

convez polytope.

Furthermore, For a feasible route flow f € F(\), any feasible strategy profile q
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that induces f can be written as:

@t = f.(t1, ) - £, B+ x,, Vrer, VeTh (4.12a)

Et*) = f(t ) —x,, VreR, V£eT: (4.12b)

where (8',1%) is any type profile in T, and (Xr),cr & any |R|-dimensional vector

satisfying the following constraints:

> X =D, (4.13a)
re€R
1 12 1 2 < < . 71 2 . )
max (fr(#,7) = (", 7)) <x < min (f(#,#)), VreR (4.13b)

Proof. First, we show that any route flow f = (f-(t)),er ;7 induced by any g € Q(A)
satisfies (4.11). Following (3.5), we obtain:

Fo (85 89) + fo(8,8) =g, () + @(¢) + r (F') + ¢ (F)

=f.(t5 ) + £, 17, VreR, VT € T and V2,82 € T2,

which implies that f satisfies (4.11a). From (3.3a) and (3.3b), f must satisfy (4.11b)
and (4.11c). Additionally, for any t? € T2

D - min f,(t*,t%) @ p qu (t?) — Z min ¢} (¢ (3 32 AD — Z min ¢} (') < AD.

tleT?!
reER reER reR

Therefore, f satisfies (4.11d). Analogously, f must also satisfy (4.11e). Thus, the
route flow f induced by any q € Q()\) satisfies the constraints (4.11a)-(4.11e).

Next, we show that for any f satisfies (4.11), there exists a feasible strategy profile
g € Q()\) that induces it. Since f satisfies (4.11), for any type profile (£!,#%) € T,

consider any x satisfies (4.13):

S0 2900 B0 D S i (0,8 = 3 e (5, 2) £, )).

t1 tleT?
r€ER TER €7 rerR

Analogously, we can obtain Y, . Xr < >, g minger (f-(8,¢%)). Additionally, from
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(4.11a), we have:

(35) 1,,1 2,2y B30 1 1 42
FE D) + £E,8) — £E,8) D)+ @) > o, VreR, e THLH e T?
= fr (@12 > £.(8, 82) — fo(t, 12), VreR,tt e TLt* € T2
= tlzlél%lz (@13 > max (f,(‘1 ) — fo(th, )) , VreR.

Thus, the set of x satisfying (4.13) is non-empty. For any ¥ satisfying (4.13),
consider the corresponding § in (4.12). §' satisfies (3.3a):

— o 4.11b “ 4.13
Do) = (£t ,f?)—fr(tl,f?)ﬂr)(=)Zxr(=a)AD, vil e T,

reER reR reR
(4.14)
and ¢! satisfies (3.3b):
_ (4.13b)
gt = £t B) - (@ B)+% > 0, VreR, vileT. (4.15)

Similarly, we can show that ¢* also satisfies (3.3a) and (3.3b). Thus, § is feasible.

To check that § induces the route flow f:

(4.112)

Gt + @) = @8 - £E.8) + £, 1) £, YreR,teTh2e T

Therefore, for any f satisfies constraints (4.11), there exists feasible strategy profiles
that can induce f.

Actually, (4.11d) and (4.11e) are equivalent to the following affine constraints:

1
1— 5 (Z f,(tif,t2)> <A Ve €T 2 e T2

TER

1
-5 <Z fr(tl,t25)> <S1—-\ Vi eT? teTh

reR

Thus, F is a convex polytope.

Finally, we show that for any feasible route flow f € F()), the set of feasible
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strategy that can induce f isin (4.12). For any route r € R, the system of equations in
(3.5) contains | 7| x|7?| equations in |7t|+|T?| variables, {¢} (t') }ner, {G2(tD) }eere-

For any given #* € T!,#2 € T2, the following equations are linearly independent:

g () + () = £t 1), vteTh

(4.16)
() + () = f(T, 1Y, V2 e T2\ {}.

Any constraint for that 7 in (3.5) can be derived from (4.16):

() + (1) = (¢(t) + (@) + () + ¢ (t) — (& E) + 2 (F))
“I9 5 (L P) + £ (B, 8) - fr(ELP)
LD 1), wvile T 2 e T
Thus, for any 7, (3.5) contains |7}| + |72| — 1 linearly independent equations and
|7 + | T?| variables. From the rank-nullity theorem, the dimension of its null space
is 1. Any solution of (3.5) can be expressed as (4.12), where £! € T, £ € 7?2 are any
given type of population 1 and 2, and x, € R is a free variable.

From (4.14) and (4.15), to ensure that g is a feasible strategy profile, (X, ), must
satisfy (4.13). We know from previous discussion that when f € F(\), such x exists.
Consequently, the set of feasible strategies that can induce f is in (4.12).

Any given (#!,#%) € T determines a set of basis in (3.5). The set of feasible

strategies represented by (4.12) is identical for any chosen (£!,#?). O

The constraints (4.11) can be understood as follows: (4.11a) captures that aggre-
gated flows assigned by the same set of types are equal. (4.11b) ensures that all the
demand D is routed, and (4.11c) guarantees that the demand assigned to any route

is nonnegative. (4.11a), (4.11b) and (4.11c) are unrelated to A.
Next, we interpret (4.11d)-(4.11e). For any ¢ € Q()), we define J(g) as follows:

TH@) 2 XD =3 min g1 (¢) 2 3" max (¢! () - i(t))

reER reER
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where £' is any type in 7.

J%(q) is the summation over all r of the maximum difference in the demand
assigned to route r by type # comparing to any type t' € T:. J%(q) evaluates the

impact of signals on population i’s strategy.

J*(q) can be rewritten in terms of the induced flow f:

-~

T & T (@) =Y max(£(E,77) - f(6,F7),
reRt €T

=D - ) min f.(&%), (4.17)

where (#%,£7%) is any type profile in 7. Thus, constraints (4.11d) and (4.11e) can be

restated as:

J'(f) < D, (4.11d")
TX(f) < 1 —A)D. (4.11e)

Constraints (4.11d’) and (4.11e’) ensure that the impact of signals on each popula-
tion’s strategy (J*(f)) is bounded by its demand.

We note two cases: On one hand, if ¢t (#) is identical for all t* € T7, the information
received by population ¢ does not effect population #’s strategy, then J%(f) is 0. On
the other hand, note that for any i € Z:

J(@Q)=XD <« min ¢:(t')=0, VreR. (4.19)
‘Le T

The second case plays a key role in distinguishing equilibrium regimes in Sec. 4.2.

We next present the auxiliary optimization problem for solving equilibrium route

flows.

Proposition 3. Any feasible route flow f € F(\) is a BWE route flow if and only if
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f 1s an optimal solution of the following conver optimization problem: ‘

min - (f) (OPT-F)
st. feF(\),

where @(f) is given by (4.3), and F () is the set of feasible route flow vectors defined
by (4.11).

Proof. We first show that in any BWE, the route low f* is an optimal solution of
(OPT-F). By definition, f* is induced by an equilibrium strategy profile ¢* € Q*(}),
and from Theorem 1, ®(f*) = ®(¢") = mingeo ®(g). Now assume that &(f*) >
minger ZI;( f), then there exists a feasible route flow f € F()), which is induced by
a feasible strategy ¢ € Q()), such that ®(q) = ®(f) < ®(f*) = ®(q*). This is a
contradiction, because by Theorem 1, ¢* must minimize ®(¢). Thus, f* minimizes

B(f).

Next, we show that any optimal solution of (OPT-F) say f* is an equilibrium
route flow. Since f* € F()), it can be induced by a feasible strategy profile ¢ € Q()).
Now assume that q is not a BWE, then there exists an equilibrium ¢* € Q(\) and an
induced flow f* € F()), such that ®(f*) = ®(¢*) < ®(g) = (f*). This contradicts
the fact that f* minimizes ®(f).

To sum up, f € F()\) is BWE route flow if and only if f minimizes (). O

Proposition 3 forms the basis of our further investigation. Note that among the
constraints (4.11) which define the set of feasible route flows, f € F (), only (4.11d)
and (4.11e) depend on the relative populationm size A. We show in section 4.2 that the

tightness of these constraints leads to the qualitatively different equilibrium regimes

(Theorem 2).
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4.2 Equilibrium Regimes

In this section, we study how BWE changes when the relative population size A

changes. Let fT denote an optimal solution of a simpler optimization problem:

min  ®(f)
s.t. (4.11a), (4.11b) and (4.11c)

That is f7 minimizes potential function ZI;( f) and satisfies the constraints that are
independent of A. Following the same analysis in Corollary 1, since ®(w) is strictly
convex in w, any fT induces identical edge load w!. The optimal solution set, denoted

F*, can be written as:

satisfies (4.11a), (4.11b) and (4.11c).

gt { | 1 satisies (4116), (4118) and (4110 420)
Yorse [r(t) =wi(t), Vee&, teT.

Recall the two-route example in Chapter 2, there is a range of A such that the equilib-

rium route flow does not change with \. We will show next that we can find a range

of X such that the equilibrium edge load does not change with ), and w*(\) = w'.

From (4.20), F' is a bounded polytope. We define A and X as follows:

al . ~
225 (7). o
Al ~
A2 5 max {D - Ji’(f’f)} . (4.22)

Since F! is a bounded polytope, and T i{(f1) is continuous in ff, we know that A and
) can be attained on the set 7. From (4.17), (4.21) is equivalent to a linear program
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as follows:

A= %minz

- <Z f:(tllcth)) <z, V4 eTH eT?

reR

fter.

Similarly, A can also be obtained from a linear program.

The next lemma shows that ) and \ are valid thresholds of \.

Lemma3.0§A§5\§

Proof. First, we show that A\, A € [0,1]. Since ) is attainable on the set F', there
exists fT € F1 such that:

(f‘[) (4.17) 1 (D Z min f]‘ £ t2)> %(D th tz))

tleTl
reR

Similarly, we can check that A < 1.
Next, we show that A < X. For any f € F1, we obtain:

_ (4.22) (4.17)
> ¥ T
> 1- =T D tr;élﬂf( t%)
reR
1 . @417y 1 =~ (4.21)
> - Tl 72y rtrel 32 = TR
—D;ztlmeaf’i(f"(t’” fE2) =" 5T = A
Thus, 0 < A< A< 1. O

The thresholds A, \ divide the range [0, 1] into three regimes, we denote [0, ),
[A, A] and (), 1] as regime A;, A; and Az respectively. The next result shows that
these regimes are distinguished based on whether or not the constraints (4.11d) and

(4.11e) are tight in equilibrium.

Theorem 2. The set of equilibrium route flow F*(\) for A in regime Ay and As are
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as follows:

f minimizes EI;( ),
F*(A) =9 f| s.t. (4.11a),(4.11b), (4.11c), (4.11d)  if X is in regime Ay,
(4.11a), (4.11b), (4.11c), (4.11e)  of X is in regime Aj.
(4.23)

Furthermore, in regime Ay and As, constraints (4.11d) and (4.11e) are tight in equi-
librium respectively. Additionally, in regime Ay, F*(\) C FT, where F' is given by
(4.20).

Proof. [Regime A;]: First, we show by contradiction that the constraints (4.11d) are
tight for any equilibrium route flow. Assume that for a A € [0, ), there exists an
equilibrium route flow f*(A) such that (4.11d) is not tight. From Proposition 3,
f*(M) is an optimal solution of (OPT-¥). Since (OPT-F) is a convex optimization
problem, f*(\) is still an optimal solution if we eliminate (4.11d). Note that there
exists fT € F' such that ) is attained in (4.22). We obtain:

~ _ (Lemma 3) Regime A
1S (=32 AT,
— 11—
= 57N <

Thus, f! minimizes ®(f) and satisfies constraints (4.11a), (4.11b), (4.11c) and (4.11e).
Additionally, ®(f1) = &(f*())). Following Corollary 1, f and f*(A) must induce
the same equilibrium edge load vector w!. Recall the definition of F' in (4.20),
f*(\) € Fi. From (4.21), we have:

1~ *
A< le(f (A))-

Recall our assumption that (4.11d) is not tight, we obtain:

1=, . b 21
57 () <A<A< TN V),
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which is a contradiction. Thus, (4.11d) is tight in equilibrium for any X in regime A;.

Finally, since (4.11d) is tight in equilibrium, we have:
T Y s (0P = 0 ) £ 3 g £60F) = D=7 = (10D,

Thus, (4.11e) is satisfied when (4.11d) is tight, and hence can be drop without chang-
ing the optimal solution set in (OPT-F).

[Regime A;]: Now we define two additional thresholds X and X as:

X 25 max {71}

’ —% max {7}

>

>
et

A

From the definition of A\ and ), we can check that )\ < A', and X' < X\. We now
consider any A € [M\,A]. Since the set F' in (4.20) is a bounded polytope, and A,
) are the minimum and maximum of the continuous function J7!(f*(A)) on F1, we

know from mean value theorem that we can find a f7 € F1 satisfying:
1 ~
= _'.71 (ft)v

that is (4.11d) is tight, and such f' also satisfies constraints (4.11e). By definition
of fi, f1 minimizes ®(f) and satisfies constraints (4.11). Thus, f! is an equilibrium
route flow, F*(A\) NF! # 0. Since the equilibrium edge load vector is unique, and the
edge load induced by f' is w', we must have w*()\) = w!. Furthermore, from (4.20),
F' includes all route flows that can induce w' and satisfy (4.11a)-(4.11c). Therefore,
F*(\) C FT for any A € [\, A']. Similarly, we can argue that for any A € [\, )],
F*(A) C F1.

e

Next, we consider two cases: If A > , our previous discussion has cover all
Ae )AL If A < X, consider any A € (A, X), any fT € F! satisfies constraints
(4.11d) and (4.11e), hence is equilibrium route flow. F*(\) = F' for A € (), ).
Consequently, for both cases, we obtain that F*(\) C F' in regime A,.
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[Regime A3z]: Analogous to the proof given for regime A, we can argue that (4.11e)
are tight in any equilibrium for any ) in regime A3, and (4.11d) can be dropped from

the constraint set. O

In regime A;, the impact of information on population 1’s strategy in equilibrium
is maximal, 71(¢*) = JX(f*) = AD. J'(q") increases as the demand of population 1
increases. In regime Aj, the impact on population 2’s strategy is maximal J2(g*) =
J2(f*) = (1 — AD. J%q*) increases as the demand of population 2 increases.
The tightness of constraints (4.11d)-(4.11e) results in different mototonicity of the
value of potential function in equilibrium, and different qualitative properties of both
equilibrium edge loads and equilibrium strategy profiles in different regimes, which
are shown next.
We define () as the value of potential function in equilibrium. ¥()) is the
optimal value of ®(g).
T(A) £ B(g"(\). (4.24)

Proposition 4. In regime A1, ¥(\) monotonically decreases with A. In regime A,,

U(X) does not change with A. In regime Ag, V()\) monotonically increases with \.

Proof. [Regime A;]: From Theorem 2, constraint (4.11d) is tight in equilibrium. Con-
sider A" and X such that 0 < \' < A < \. Any equilibrium route flows f*(\) and
f*()\) satisfy:

ST W) =N <A= 5T ().

f*(X') satisfies constraints (4.11a)-(4.11e), thus is a feasible solution of optimiza-
tion problem in (4.23) with parameter \ in regime A,. However, f*()\’) is not an op-
timal solution when the population size parameter is A, because constraint (4.11d) is
not tight. Since f*()) is an optimal solution, we must have ¥(\') = 6(f*(A)) > U(A).

[Regime A,]: From Theorem 2, F*(\) € F! for any A € [\, A]. Since equilibrium
edge load vector is unique, w*(\) = wi. ¥(\) = ®(w'), which does not change with
A

[Regime Aj]: Following similar analysis in regime A;, ¥(\) monotonically in-

creases with A in regime Aj. |
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Corollary 2. In equilibrium, the edge load vector w*(\) does not change with \ if

and only if X is in regime Ay. Furthermore, in regime Ay, w*(\) = w'.

Proof. From the analysis in Proposition 4, we know that w*(\) = w' in regime A,.
In regime A; or regime A3, since ¥(\) changes with X, and ®(w) is strictly convex

with w, w*()\) must change with \. : O

The next proposition shows that the tightness of constraints (4.11d) (resp. (4.11e))

results in one-to-one correspondence between ¢* and f* in regime A; (resp. As).

Proposition 5. In regimes Ay or A3, any equilibrium route flow vector f* € F*(\)

s induced by a unique equilibrium strategy profile ¢*. Specifically,
o In regime Ay,

g (tY) = £t %) — min fr(4,4%), VreR, ViteT! Vi2eT?

teT! (4.25)
2 (tH) = min fr¢h %), YreR, vieT?
tleT!
e In regime Az,
¢ (tY) = min fr(t', %) VreR, vtteT!,
t2eT?
. (4.26)

a2 () = fr(¢4, 2 — min 4%, vreR, ViteT! viteT?
€

Proof. Recall from Proposition 2, for any equilibrium load vector f* € F*()\) and any
given ! € T1,#2 € T2, equilibrium strategy profiles that can induce f*(\) can be writ-
ten in (4.12). Since constraint (4.11d) is tight in equilibrium (Theorem 2) in regime
Ay, there is unique x that satisfies (4.13), x = (maxper (fF(', ) — f7(t, ), enr-
Following (4.12), the corresponding strategy profile is:

) = S0 P) - FEP) + max (0, B) - 170 2))

gkl 12 _ : x7,1 712
_fr(tvt) tlllé%,nlfr(tat)y
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which is identical for any given #2 € 7T2. Analogously, ¢*2(t?) can be written as:
G = )~ max (1)~ £0,2)
tleT?
= fr(#, %) — £, %) + min fr(¢}, 1)
tleTt
(8.5) * * *1 /7] * ; * *
= (@' @) +a2(") - (@ () + g7 (@) + (521}11 g () + q,z(f?)>
_ 2052 a1
= ¢;"(t°) + min ¢ (t)
(3.5)

9.9 : *ra1l 42
- tlllél’rnlfr(t’t)’

Following similar analysis, in regime Ag, x is unique, and ¢* can be written in (4.26).

a

Proposition 5 can be simplified as follows when the origin and destination are

connected by a parallel route network.

Corollary 3. G = (V,£) is a parallel route network. For any A € [0,1], the equi-
librium route flow f* is unique. In regime A, and A3, the equilibrium strategy q* is

unique.

Proof. For a parallel route network, we immediately obtain the uniqueness of f* from
Corollary 1. The uniqueness of ¢* in regime A; and A3 follows from Theorem 5

immediately. O

We now have a general discussion on equilibrium properties in each regime. From
Theorem 2, we know in regimes A;, J 1(f*) = JYq*) = AD. The impact of infor-
mation is maximal on the strategy of population 1 in equilibrium. Each equilibrium
route flow can only be induced by a unique equilibrium strategy profile. From (4.19),
we obtain minper ¢**(#*) = 0 for any r € R. That is for any route r € R, there
exists at least one type ¢!, which does not assign demand on 7. Recall the two-route
example in Chapter 2, we can see that the impact of information on population 1’s
equilibrium strategy is indeed maximized, since population 1 switches all the demand

from r, to 72 when signal changes from n to a. Following similar analysis, in regime
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As, J2(f*) = J%(¢*) = (1 — A)D. The impact of information on population 2’s equi-
librium strategy is maximized, and for any route » € R, there exists at least one type
t2, which does not assign demand on r. On the contrary, in regime A,, the impact
of information is not necessarily tightly bounded by the demand in equilibrium. As
we can see in the two-route example, J'(f*) = J(¢*) = A < A, there are multiple

equilibria that induces an identical equilibriuim route flow.

The threshold ) is the minimum fraction of population 1 at which the impact of
the received signal on population 1’s strategy is fully achieved in equilibrium. For
A < A, JY(g*) linearly increases with ), ie. J'(¢*) = AD. Analogously, 1 — X is
the minimum fraction of population 2 at which the impact of the received signal on
population 2’s strategy is fully achieved in equilibrium. For A > )\, J?%(q*) linearly
decreases with \ (increases with 1 — ), i.e. J%(¢*) = (1 — A\)D. For X € [\, )], the
impacts of the received signal on both populations’ strategies are fully achieved in

equilibrium.

We continue to study the two route example in Chapter 2. Consider two in-
formation systems such that p'(t! = a|s = a,#?) = p!(#! = n|s = n,t?) = 0.8;
p?(t? = a|s = a,t!) = p?(t> = n|s = n,t') = 0.6. The rest parameters are the same
as the parameters in Table 2.1. Fig. 4-1a shows that the optimal value of the poten-
tial function decreases in regime A;, does not change in regime A,, and increases in
regime As. Fig. 4-1b shows the equilibrium route flow split fraction (the ratio of the
demand assigned to each route and the total demand) does not change with A if and

only if X is in regime Ay. The thresholds are A\ = 0.1382, X = 0.9693.
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Figure 4-1: Optimal value of potential function ¥(\) and equilibrium route flow
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Chapter 5

Relative Value of Information

In this chapter, we study hqw does difference between the average costs of two pop-
ulations in equilibrium changes with the relative population size. In section 5.1, we
study the special case when one population is uninformed.

We define the BWE population cost as the expected equilibrium cost of travelers

of a given population:

0*1 _A_

z 1. *'L i (39) * H
N > Pr(t) Y Elen ()] (t) Zgé%lpr e (g)IE], (5.1)

teTt reER teT:

where the last equation is from Definition 1, each type t' only assigns demand on
routes which incur the lowest expected cost E[c,(g*)|t!]. Since all equilibrium strategy
profiles induce identical equilibrium edge load, thus incur identical cost (Corollary 1),
we immediately obtain that C*()) is identical in all equilibria.

We define the relative value of information V*(\) as the difference between equi-

librium cost of population 1 and 2:
V() & C?(0) — ¢ ().

V*(X) evaluates the value of information provided by information system 1 relative

to that provided by information system 2.

Theorem 3. Given any two information systems, the relative value of information
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V*(X) is non-increasing in A. Furthermore, V*()\) > 0 in regime Ay, V*(A) = 0 in

regime Ag, and V*(A) < 0 in regime As.

Proof. We first prove that ¥(\) is differentiable in A. ®(g) and constraints (3.3a)-
(3.3b) are differentiable with respect to ¢ and A\. The set of equilibrium strategy
profiles Q*(\) is nonempty and bounded. For any ¢* € Q*()\), the Lagrange multi-
pliers (u*,v*) in (4.9) and (4.10) are bounded. From Proposition 12, we know that
¥ (\) is directionally differentiable. We obtain the right-hand-side derivative, denoted
T’ (M) as follows:

¥ (0t) = lim T(A+e) —T(N) DO R OL(q*, u*, v*)

max
e—0+ € *€Q*(\) (p* v*) 19))
€(M(g*),N(q*))

(4.5) . sl w12
=’ min max — D,

€(M(q*),N(g*)) “ET? t2€7?

where D,_;¥() is the directional derivative defined in Definition 4 in Appendix A for
the direction z = 1. Analogously, given direction z = —1, the left derivative ¥'(A—)

can be written as:

, T(A+e)—T(N)

\/J (/\—) = lim = —Dzz_lll'()\)
e—0— €
A3 _ min max ____8L(q V)
7 eQ* ()  (u*p*) o

€(M(g").N(g"))
_ OL(q*, p*,v*)
= Imax —_—Y

min
*e€Q () (u*w?) oA
€(M(q*),N(qg*))

(4.5) . *tl *t2
=" max min - D.
oy g (S w )

€(M(q*),N(g*)) €T 272

Proposition 1 ensures that sets M(¢*), N(q*) are singletons. Corollary 1 shows that
the cost of all BWE is identical. ¥'(\+) is equal to ¥'(A—), and can be written as
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follows:

V() =T (\-) = (Z pt = > ;ﬁ) D

tleT? 1272

Therefore, ¥()) is differentiable. The derivative of ¥()) in ), denoted ¥'()\), is as

follows:
v (Z min Pr(t)Eer(¢")|¢'] — Y min Pr(t*)Ele-(¢” )ltz])
tleT? aers’
= V') = '@'

From Proposition 4, ¥()\) decreases with A in regime A;, does not change in
regime Ay and increases in regime A3. Therefore, V*(\) > 0 in regime A;, V*(A\) =0

in regime Az, and V*(A) < 0 in regime A3

Finally, recall the convex optimization problem (OPT-Q). The constraints (3.3a)
and (3.3b) are affine in both ¢ and A. ®(q) is convex in ¢, and independent with
A. A takes value in the convex domain [0,1]. The problem satisfies the conditions
of Proposition 11 in Appendix A, thus we obtain that W()\) is convex in X. ¥'(}) is
non-decreasing in A, and we conclude that the reiative value of information V*()\) is

non-increasing in A. O

We consider the two route example. The two information systems are p'(t* =
als = a,t?) = p'(t! =n|s =n,#?) = 0.8; p* (> = als = a,t}) = p*(t? = n|s =n,t!) =
0.6. That is the probability of population 1 to receive the correct state is 0.8, and
the probability for population 2 is 0.6. Other parameters are the same in Table 2.1.
Fig. 5-1 shows the equilibrium population cost . The thresholds are A = 0.1382,
A = 0.9693.
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Figure 5-1: Equilibrium population costs.

Notice that when A > ), population 1, which is better informed has higher cost
than population 2, which is less informed. We say that information has negative value
if the better informed population is worse off.

Recall that when A > X, 7%(¢*) = (1 — A\)D. From (4.19), for each r € R, there
exists at least one 2 € 72 such that #* does not assign demand on route r. The
set of routes, on which type #* assign demand, must have lower cost than that of r.
Therefore, the intuition behind the negative value of information is that the demand
of the less informed population is low, such that the less informed population only
assigns demand on routes with lower cost given the stragety of the more informed

population.

5.1 Non-negative Relative Value of Information

we next provide a sufficient condition, in which negative value of information does

not happen.

Proposition 6. If population 2 is not informed, i.e. for anyt' € T' and s € S,
Pr(t?|s,t!) = Pr(t?), Vt? € T2, then A = 1. Thus, V/()) > 0.

Proof. We first show that the interim beliefs u(s,t'[t?) in (3.4) are identical for any
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e T2
m(s,t,1%) _ Pr(t?|s,t') - Pr(s,t')
Pr@d) Pr(®)

=Pris,t") = Y «(s,t',1}), VsecSVeT VW eT?
t2€72

(s, tt?) =

Therefore, for any equilibrium strategy profile ¢*, ¢*(t?) is identical across all
2 € T2. J2(¢*) = J2(f*) = 0 for any A\. From the definition of X in (4.22), for any
fre s,

L _F2fhy =
A= Dﬁ‘é‘}%{D J(MY=1

Following Theorem 3, we obtain V*(\) > 0 for any A. O

When population 2 has no information about the state, signals have no effect on
population 2’s strategy, i.e. 7%(¢*) = 0. Regime A3 degenerates to a singleton {1}. In
regime A, the informed population has lower cost than the uninformed population.
When the fraction of informed population exceeds A, two populations have the same
cost.

Proposition 6 shows that population 2 being uninformed is a sufficient condition
for A = 1. However, it is not a necessary condition. Fig. 5-2 shows equilibrium
population cost for the case where D = 10, p = 0.2, ¢}(I) = | + 15, ¢}(l) = 3l + 15,
ea(l) = 201 + 30; p*(t* = a|s = a,t?) = p'(t! = n|s = n,t%) = 0.8; p’(* = als =
a,t!) = p?(t> = n|s = n,t') = 0.6. The thresholds are A = 0.0227, A = 1.
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Figure 5-2: Equilibrium population cost C**())
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Since the slope of population 2 is sufficiently high, the expected cost of route 2
is higher than that of route 1 for both ¢> = a and t> = n. Although population 2 is
informed, since both types of population 2 route all demand on ry, signal ¢ has no

impact on the strategy of population 2 in equilibrium. We obtain A = 1.
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Chapter 6

Equilibrium Social Cost

In this chapter, we study how equilibrium social cost changes when the relative pop-
ulation size changes. We provide bounds of equilibrium social cost in Sec. 6.1, and

study the worst case inefficiency of equilibrium in Sec. 6.2

For any feasible strategy profile, the average social cost C'(q) is the expected cost

incurred by a traveler of any population across all network states:

C@)2 5 3 Prle) 3 Elen(o)ltlai ¢ (61)

1€T tigT? r€R

We define the equilibrium social cost C*(\) as the average social cost in equilibrium:

C() 2 530 S Pr(e) Y Elen )l ().

i€ tieT? TER
C*()\) is identical for any BWE.

We first present an example to show that the social cost can be non-differentiable
and non-convex in A. The game setup is the same as the two-route example in
Chapter 2. (6(a) = 0.6, D = 3, }(!) = 1 + 15, ¢}(l) = 3l + 15, c3(l) = 21 + 20;
pl(t! = a|s = a,t?) = p!(t! = n|s = n,t?) = 0.8; p?(t? = a|s = a,t!) = p*(t? =
n|s = n,t') = 0.6). Fig. 6-1 shows the equilibrium social cost. The thresholds for
this example are A = 0.2088, A = 0.9769.
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Figure 6-1: Expected social cost C*())

Since the equilibrium social cost is non-convex and non-differentiable with respect
to A, it is difficult to study the property of equilibrium social cost in general. In this
section, we are interested in studying the bounds on the equilibrium social cost, and

the bound on the inefficiency of equilibrium.

6.1 Bounds on Equilibrium Social Cost

Consider the socially optimal strategy ¢°P*()\), i.e. the feasible strategy that minimizes

the social cost.

Pt()) 2 min = i p
C*N £ min 0(a) = Cla™(V). ©62)

Naturally, C°?*()\) < C*(A) for all A.
We study how C°P*()\) changes with A via a modified game, '™, which is defined

similarly to I', except with edge cost function ¢ as follows:

(g = Qe G0 _ L Oilwe)

ng 8we

& (w,) is the maginal cost function of edge e in the original game I'. I'™ is also a

weighted potential game. Let ®™(g) denote the weighted potential function of I'™, and
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U™()\) as the optimal value of the potential function of I'™, ¥™(\) 2 mingegn) ™ (q).

Lemma 4. The socially optimal strategy q°P*()\) is the BWE strategy of the modified
game. Furthermore, CP*(\) = $U™()).

Proof. Proof of Lemma 4. Following (4.1), the potential function of I'™, denoted

®™(q), can be written as:

1 2(42
m(g) = ZZ Z Z (s, [ t2) eraeQT(t )z (t )f(z)dz

SES ecf tleT! t2¢T2

=333 > wls, th tD)ed (welt!, 7)) - welt, £7)

SES e€f tleT! t2e¢72

=3 3 Pr(t) Y Ele o) 16 1)

i€l tieTt reER

“p.c).

The equilibrium of the modified game minimizes the potential function ®™(q), thus
minimizes C(g). Therefore, CP*(\) = $¥™(X). Any social optimal strategy g%‘())
is a BWE for the marginal game I'™. O

All our results so far are applicable for the modified game I'". Following similar
discussion in Sec. 4.2, there exists thresholds 0 < A\™ < < 1, which creates three

regimes AT = [0, \™), A} = [A™, A™], and AJ = (A\™, 1].

Corollary 4. For any A, CP'(\) < C*()\). Furthermore, C°P*(\) decreases with X in

AT, does not change in AT, and increases in AL

This result directly follows from Proposition 4 and Lemma 4.

We define the minimum equilibrium social cost, denoted C? . as follows:

min

Crin 2 min C*(N).
X€l0,1]

We define A,,;, as the set of A that attains C},,.. Recall Corollary 2, w*(\) does not
change with ) in regime A,, thus C*(\) does not change. Similarly, C°?*()\) does not

change with \ in regime A}* of the modified game.

61



Proposition 7. The minimum BWE social cost C},;,, satisfies:

< Ci,

min

Cwt <
2

where C}, is the equilibrium social cost for A in regime As, and C’O’;ﬁ s the optimal
social cost for \ in regime AJ.

Proof. By the definition of C},,, we know that Cy,,, < Cx,. From Corollary 4, the

min)y

minimum of C°?*()\) is achieved for A in AJ". Thus,

*
Cmin

Z Copt()\min) 2 COI::
2
O

We next show that the bounds presented in Corollary 4 and Proposition 7 are

tight.

Proposition 8. If cost functions can be written as:
Co(we) = hi(we) + B, Vee&,seS,
where h} is a homogeneous function with degree k > 1, and {35}cce ses satisfies:

d B =8, VseS, VreR.

eer

then CP*(\) = C*(\). Additionally, C}, = C:

in = Co’gﬁ. Minimum equilibrium social

cost s achieved in regime Ao, and it is equal to the socially optimal cost.

Proof. Since h3(-) is a k-th order homogeneous function of w,, we know from Euler’s

homogeneous function theorem that the marginal cost function can be written as:

dhi(z)
dz

z

=k - hi(z).
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Thus, the marginal cost function can be expressed as:

Ohi(we)

e

dw,

¢ (we) = h(we) + B + we - = (k+1) - h(we) + 5.
For any feasible strategy profile ¢ € Q, the expected social cost C(g) in (6.1) can be

written as:

rse o () +42 ()
/ (k+1)-hi(z)dz

Z YYD (st 1?)
ecf 2cT2tleT! s
DI
ecf t2eT2¢1eT?
t2
T2t

es
€S
2y y
e T1
s

UI

7(s,th, %)

Yorse 4 (EH)+42(t?)
/ gidz

?vtjl

roe GH(E1)+2(t2)
S (s, 11, £2) / (hi(2) + 82) dz

seS

Zrae qr(tl)+%~ t2)
m(s, t',t%) / Bidz
0

> 2
2
=( @) -5 S Sonls0)- (Z (ZBS) -fr(t>>- (6.3)

SES teT réR \e€r

Following (6.3), when the free flow travel time is identical across all routes, C(q) can

be simplified as:

k+Ds 12y (3.1) (k+1) s
e - S0 (S 5 wtet) ) 2 gy (S 5
seS \tleT!t2eT? s€S
Since the equilibrium strategy profile ¢* minimizes ®(q), ¢* also minimizes C(g).
Thus, C*(A) = C°*()\). The minimim equilibrium social cost is achieved in regime

As. Therefore, C}, = C};, = Coz,f. |

Fig. 6-2 shows the equilibrium social cost C*(\) and CP*(\) (D = 10, c}(l) =
1415, (1) = 31415, cy(l) = 20+20; p' (¢! = a|s = a,t?) = p'(¢! = n|s = n,t?) = 0.8;
p2(t? = a|s = a,t!) = p?(t* = n|s = n,t') = 0.6). The thresholds are A = 0.1521,
A = 0.9662. CPt(}\) is a lower bound of C*(\). Apn is in regime A;.
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Figure 6-2: BWE social cost C*(\) bounded by C%'()).

Fig. 6-3 presents the case where the free flow travel time on two routes are
identical. (D = 1, ¢}(l) = 1+ 20, ¢§(I) = 31 + 20, co(l) = 21 + 20; p'(t* = a|]s =
a,t?) = p'(t! = n|s = n,t?) = 0.8; p*(t* = a|s = a,#!) = p*(t* = n|s = n,t!) = 0.6).
The thresholds are A = 0.1382, A = 0.9693. The bound C*()) is tight, and CZ ,, is

achieved in the full range of regime A,.
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Figure 6-3: BWE social cost C*())
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6.2 Bounds on the Inefficiency

We evaluate the inefficiency of BWE by the worst case of fraction C%;,S?j) Since the
equilibrium cost is unique, Cc;p—t(z\g) is identical in all equilibria. Proposition 13 from

Roughgarden and Tardos (2004) presents the bound of efficiency loss of Wardrop
Equilibrium with complete information. We next show that the results in Proposition

13 hold in our game with heterogeneous information structure.

Define the pigou bound x(C) as

~ y - c(y)
K(C) = por zzs(;g)zo r-c(z)+(y—z)-c(y)’

(6.4)

where C is the set of edge cost function {cf(we)}ece ses-

Proposition 9. For any given A\, we have c(“:pﬁ(ﬁ)) < k(C), and the bound is tight.

If the edge cost functions ci(we) are affine functions for all e € £,s € S, we have

cr(N) 4
Copt()) = 3°

Proof. Proof of Proposition 9. Following Definition 1, we obtain:

Z ¢ (#)E[c (¢ |t] = N'D - mm]E[cr )] < Z g (tYE[c (¢*)|t]], YVt e T, VieT.
reER reER

(6.5)

Define f°P! as the route flow vector induced by optimal social cost strategy ¢°*, and

65



w" as the induced edge load vector. Following (6.5), we have:

DN INWELEETED 9 IO D)

s€S e€f teT s€S reR teT e€r
=" Pr(t)) (Zq YE[e, (g )|t1]) + > Pr(t?) (qu () E[c,(¢* |t2]>
tleT! reR t2e72 reR
9% pue) (o) + 3 ) S aeto 1)
tle7! reR 272 reR
=20 D> (s () <Z c:(w:<t>>> =D > wls, i B)ei(wl(1)).
SES reR teT ecr SES e€& teT
(6.6)
This leads to:
CPN) =3 (s, t)cs (weP'(t)) wePt(t)
SES e€€ teT
_ o L e gy B (1) + (w2(6) — wg (1) € (w3 (1)
ZSZSZT (5.0 ez w) wi ) Pt ]
+ 300> wls ) (wPh(e) = wi(t)) ¢ (wi(t))
sES ecf teT
(6 6)
(Z > > wls,t)e (t))
SES e€f teT
L wrP e (wP(t) + (wit) — wP (D)) e (wi(t))
' Lesf?ééfter cs (wz(t) wr(t) ]
(6;) C*(X)
— R(C)
Thus, Ccpt(z\;) < k(C). Consider affine cost functions, for any e € £ and s € S,

assuming cf(w.) = aiw, + [, we have:

weP'(t) (cz (wi(t) — ¢ (weP(¢)))

—aul(t) (wi(t) - w(t)) <

L, S () %
SZwe (t)ce (we (t)) :
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Thus, we obtain:

C*(N) =)D (s, tyw(t)e(wi(t))
S€S e€f teT
(6.6)

< SOSTY w(s, P (B)en(ws (1)

s€S e€€ teT

=D > wls, uwPBes(wP (D) + YD D wls, hwP(t) (c(wi(t) — c2(w(t))

SES e€€ teT SES ecf teT

LSS s @) + 2 35T S w (s, e )

SES ec& teT s€S e€f teT

= CP(N) + %C*()\).

Ll B

Therefore, 5%;5?—/\)) < %. Since the game with one population, one state is a special

case of our game, the bound is tight follows Proposition 13. a
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Chapter 7

Conclusion

7.1 Summary of the Results

This thesis models network routing in a heterogeneous information environment as a
Bayesian congestion game. We study how does Bayesian Wardrop equilibrium change
when the relative size of two populations with asymmetric information changes. Our
results hold for a general single 0-d network with state dependent increasing edge cost
functions and an information environment induced by any two different information
systems with a common prior. Due to the existence of common prior, the Bayesian
congestion game has a weighted potential function, and the set of Bayesian Wardrop
equilibria can be solved as the optimal solution of a convex optimization program.
The equilibrium edge load is unique. We show that the qualitative properties of
equilibrium strategies change as the relative population size changes, resulting in
three distinct regimes. Interestingly, the equilibrium edge load does not vary with
the relative population size, and both populations face identical cost in equilibrinm if
and only if the relative population size is in the intermediate regime. In the other two
regimes, the “minor” population has lower cost in equilibrium. Additionally, we define
a metric to evaluate the impact of information. The impact of information on the
minor population is tightly bounded by its size in the two side regimes, which results
in the effect of relative population size on equilibrium edge load and costs. Finally,

we provide the bounds on the equilibrium social cost, and a sufficient condition for
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the bounds to be tight. We obtain the same worst case inefficiency of equilibrium as
the well-known results in the literature for complete information games.

The results in the thesis are applicable to games with more than two populations.
Three equilibrium regimes exist when we perturb the relative population size between
any two populations, and keep the sizes of the remaining populations as constants.
Analogously, there is an intermediate region of population sizes, where the equilibrium
edge load does not depend on the population sizes, and the costs of all populations are
identical in equilibrium. If one population is uninformed, all the other populations
have no higher cost than the uninformed population regardless of the population sizes.
Furthermore, our results can be extended to the case where the edge cost functions are
non-increasing instead of increasing. The equilibrium edge load may not be unique,
but the cost on each edge is unique in equilibrium. The equilibrium characterization,
impact of information and cost analysis follow directly from our discussion in Chapter
4- Chapter 6. The expression of regime thresholds do not change, but the computation

is more complex, since the edge load in the intermediate regime may not be unique.

7.2 Future Work

Based upon the current results, we propose the following directions for future work:
First, common prior may not exist in real world applications as populations may not
know the accuracy of the information received by others. It would be interesting to
study how robust our results in the information environment without common prior.

Another extension of our work is to take into account the off-equilibrium strategy
and the learning procedure. Using a dynamic model, we could study if travelers can
learn towards equilibrium when the game is repeated and the realization of cost is

stochastic.
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Appendix A

Review of Perturbation Analysis

We provide a brief review on results of perturbation analysis of optimization problem.
For detailed discussion, see Fiacco and Kyparisis (1986), Fiacco (2009), Milgrom and
Segal (2002), Bonnans and Shapiro (2013) and Wachsmuth (2013). We first define

the parametric nonlinear optimization problem as follows:

min ®(g, A)
q
st. gi(g,A) >0, i=1,...,m, (A1)
h’](q’A> =0 .7= 13"'vp>
A€ 0,1],
The Lagrange function associated with (A.1) is:
m P
L(g, v, A) = ®(g,A) — D> pagi(@, A) + D kg, ). (A2)
i=1 j=1

We define the set of optimal solutions as Q*(\). For any optimal solution ¢* € Q*(\),
we define M (g*) and N(g*) as the set of Lagrange multiplier x* and v* associated
with the optimal solution g*.

We first review the constraint qualification that ensures uniqueness of Lagrange

multipliers at optimum.

Definition 3. (Wachsmuth (2018)) Linear independence constraint qualification, ¢.e.
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LICQ(g, ), holds at q if the set of vectors {V,9:(q,N)|gi(g,\) = 0,i=1,...m} and
{Vg4hi(g,\)}j=1,.p are linearly independent.

Proposition 10. (Theorem 2 in Wachsmuth (2013)) For any optimal solution q* €
Q*(\), if LICQ(g*, \) holds, M(q*) and N(q*) are singleton sets.

The next two propositions show the convexity and directional derivative of ¥ ().

Definition 4. The directional derivative of ¥()) at A in direction z is:

—T(A
D.U(A) = lim 2 Z ¥
-0+ €
Proposition 11. (Corollary 2.2 in Fiacco and Kyparisis (1986)) The optimal value
function ¥(\) is conver with respect to A if ®(q,\) and —g;(q, \) are jointly convex
inqand X forany i =1,...,m, hj(qg,\) is linearly affine in q for any j=1,...,p.

Proposition 12. (Proposition 6 in Fiacco (2009)) Assume that ®(g, \) is convez in
q for each )\ € [0,1], and the problem functions are once continuously differentiable
in g and X. If X € (0,1) and the set of points satisfying KKT condition is nonempty
and bounded, then in a neighborhood of A, ¥(\) is continuously and directionally

differentiable in A and in any direction z:

D,¥(\) = min max  V,0L(¢", u", v, Nz, (A.3)
7*€Q"(X) (w )
€(M(q"),N{(g"))

where M (¢*) and N(q*) are the sets of Lagrange multiplier u* and v* associated with
the optimal solution ¢* € Q*(\).
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Appendix B

Review of Price of Anarchy

We provide a brief characterization of efficiency bound of Wardrop Equilibrium. For
detailed analysis, see Roughgarden and Tardos (2004). Define the pigou bound «(C)
as:

— sup s y-c(y)
RO) = el 2004 -c(9) + (U — @) - o(y)’

where C is the set of cost functions.

Proposition 13. Roughgarden and Tardos (2004) The worst case ratio of equilibrium

cost and social optimal cost L < k(C , and the bound is tight. If C contains all
Cort(X)

. C*
affine functions, we have Gty <

Wik

73



74



Bibliography

Daron Acemoglu and Asuman Ozdaglar. Competition and efficiency in congested markets.
Mathematics of Operations Research, 32(1):1-31, 2007.

Daron Acemoglu, Ali Makhdoumi, Azarakhsh Malekian, and Asuman Ozdaglar. Informa-
tional Braess’ Paradox: The Effect of Information on Traffic Congestion. arXiv preprint
arXiw:1601.02039, 2016.

J Frederic Bonnans and Alexander Shapiro. Perturbation analysis of optimization problems.
Springer Science & Business Media, 2013.

Giovanni Facchini, Freek van Megen, Peter Borm, and Stef Tijs. Congestion models and
weighted bayesian potential games. Theory and Decision, 42(2):193-206, 1997.

Anthony-V Fiacco. Introduction to sensitivity and stability analysis in nonlinear program-

ming. 1984.
Anthony V Fiacco. Sensitivity and stability in nlp: Continuity and differential stability.,
2009.

Anthony V Fiacco and Jerzy Kyparisis. Convexity and concavity properties of the optimal
value function in parametric nonlinear programming. Journal of optimization theory
and applications, 48(1):95-126, 1986.

Martin Gairing, Burkhard Monien, and Karsten Tiemann. Selfish routing with incomplete
information. In Proceedings of the seventeenth annual ACM symposium on Parallelism
in algorithms and architectures, pages 203-212. ACM, 2005.

John C Harsanyi. Games with Incomplete Information Played by Bayesian Players, I-111
Part 1. The Basic Model. Management science, 14(3):159-182, 1967.

Elias Koutsoupias and Christos Papadimitriou. Worst-Case Equilibria. In Christoph Meinel
and Sophie Tison, editors, STACS 99, volume 1563 of Lecture Notes in Computer
Science, pages 404-413. Springer Berlin Heidelberg, 1999. doi: 10.1007/3-540-49116-3
38. URL http://dx.doi.org/10.1007/3-540-49116-3{_}38.

Jeffrey Liu, Saurabh Amin, and Galina Schwartz. Effects of information heterogeneity in
bayesian routing games. arXiv preprint arXiv:1603.08853, 2016.

Igal Milchtaich. Congestion Games with Player-Specific Payoff Functions. Games and Eco-
nomic Behavior, 13(1):111-124, 1996. doi: http://dx.doi.org/10.1006/game.1996.0027.
URL http://www.sciencedirect.com/science/article/pii/S0899825696900275.

Igal Milchtaich. Social optimality and cooperation in nonatomic congestion games. Journal
of Economic Theory, 114(1):56-87, 2004.

Paul Milgrom and Ilya Segal. Envelope theorems for arbitrary choice sets. Econometrica,
70(2):583-601, 2002.

Dov Monderer and Lloyd S Shapley. Potential games. Games and economic behavior, 14(1):
124-143, 1996.

75



RT Rockafellar. Directional differentiability of the optimal value function in a nonlinear
programming problem. In Sensitivity, Stebility and Parametric Analysis, pages 213-
226. Springer, 1984.

Robert W. Rosenthal. A class of games possessing pure-strategy Nash equilibria. In-

ternational Journal of Game Theory, 2(1):65-67, dec 1973. ISSN 0020-7276. doi:
10.1007/BF01737559. URL http://link.springer.com/10.1007/BF01737559.

Tim Roughgarden. The price of anarchy is independent of the network topology. Journal
of Computer and System Sciences, 67(2):341-364, 2003.

Tim Roughgarden and Eva Tardos. Bounding the inefficiency of equilibria in nonatomic
congestion games. Games and Economic Behavior, 47(2):389-403, may 2004. ISSN

08998256. doi: 10.1016/j.geb.2003.06.004. URL http://www.sciencedirect.com/
science/article/pii/S089982560300188X.

William H Sandholm. Potential games with continuous player sets. Journal of Economic
theory, 97(1):81-108, 2001.

Sylvain Sorin and Cheng Wan. Finite composite games: Equilibria and dynamics. arXiv
preprint arXiv:1503.07935, 2015.

Robert van Heumen, Bezalel Peleg, Stef Tijs, and Peter Borm. Axiomatic characterizations
of solutions for bayesian games. Theory and Decision, 40(2):103-129, 1996.

Gerd Wachsmuth. On licq and the uniqueness of lagrange multipliers. Operations Research
Letters, 41(1):78-80, 2013.

76





